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Abstract 

We discuss the relevance of quantum gravitational corrections to the functional 
Schrodinger equation for the information loss paradox in black hole evaporation. 
These corrections are found from the Wheeler-DeWitt equation through a semiclas- 
sical expansion scheme. The dominant contribution in the final evaporation stage, 
when the black hole approaches the Planck regime, is a term which explicitly vio- 
lates unitarity in the non-gravitational sector. While pure states remain pure, there 
is an increase in the degree of purity for non-pure states in this sector. This result 
holds irrespective of whether full quantum gravity respects unitarity or not. 
PACS numbers: 04.60.-Fn, 97.60.Lf. 
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Soon after the discovery of black hole radiance, it was realized that the semiclassical de- 
scription of an evaporating black hole seems to be at variance with the quantum mechanical 
unitarity of time evolution Let us consider a black hole that is formed by the collapse 
of a matter distribution which we assume to be in a pure state initially. It will emit ther- 
mal radiation, leading to its subsequent evaporation. If the evaporation is complete, only the 
Hawking radiation is left behind. Since thermal radiation cannot be described by a pure state, 
there seems to be an evolution from pure into mixed states, which is connected with a loss of 
information about the system. This constitutes the black hole information loss paradox which 
has received considerable attention recently (see ^, ^ for a review). 

A number of possibilities have been proposed to resolve the paradox : (1) The above descrip- 
tion is incomplete and the true time evolution is unitary . This would mean that information 
must be encoded in the black hole radiation, for example by stimulated emission ^ Q or in 
correlations ||. It seems unlikely, however, that any of the mechanisms proposed up to now 
will be able to restore the unitarity of the black hole evaporation. (2) The black hole evapo- 
ration is not complete but ceases at a mass of the order of the Planck mass, leaving behind a 
Planck mass remnant pO| . The main problem with this approach is that only very little energy 
is available to store a huge amount of information. For a full discussion of the criticism of this 
possibility, we refer to the literature (3) The evolution from pure states into mixed states 
is an inherent property of quantum gravity [Q. This possibility has been criticized because in- 
vestigations at the semiclassical level, which use an evolution law that is more general than the 
unitary Hamiltonian time evolution 13 1, lead to problems with energy and momentum 



conservation or locality [|14| . This is thought to be not acceptable for a fundamental theory. 

We must emphasize that in the formulation of the paradox outlined above, only the semi- 
classical theory is considered. The full problem of black hole evaporation has, however, to be 
treated within quantum gravity. The assumptions about the result of the evaporation process 
rest on speculations about the outcome of such a computation. Since a theory of quantum 
gravity is not yet available, nobody has been able to carry out such an investigation. (The 
attempts in two-dimensional dilaton gravity, reviewed in |15|] , are still inconclusive.) 



Recent work |16 has indicated that the semiclassical Einstein equations may well break 
down long before the Planck scale is reached. To address the above issues properly, one should 
thus start at least from a specific approach to quantum gravity, such as canonical quantization 
of general relativity. 

In this Letter, we will take into account the first-order quantum gravitational corrections to 
the semiclassical theory, which are obtained by a semiclassical expansion of the Wheeler-DeWitt 
equation jT^ . This leads to quantum gravitational corrections to the functional Schrodinger 
equation, which yield an effective non-unitarity for the evolution of matter fields in a curved 
background. 

How are these correction terms obtained? The starting point is the Wheeler-DeWitt equa- 
tion 

^ ('_iM!^G,fc,,-4T- - -r^^R + w™) * = 0, (1) 
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where R is the Ricci-scalar on a three-dimensional space, and Tim denotes the Hamiltonian 
density for non-gravitational fields. One then writes the full wave functional as = ex-p{iS/h) 
and expands S in powers of the gravitational constant: S ~ G^^Sq + 5*1 + GS2 + . . .. This 
ansatz is inserted into (1), which leads to equations at consecutive orders of G. The highest order 
yields the gravitational Hamilton- Jacobi equation for 5*0, which is equivalent to Einstein's field 



equations |18 . Any solution for So gives a family of classical spacetimes. The next order leads 
to the functional Schrodinger equation for non-gravitational fields on one of the background 
spacetimes defined by Sq p9|, 



j3 ^ ^^0 S'fp _ -t dip 
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Here, ^ denotes a wave functional which is constructed from 5*0 and Si and thus depends 
on the three-metric as well as non-gravitational fields. Eq. (2) corresponds to the level of 
quantum field theory on a curved spacetime. The Hawking radiation of an evaporating black 
hole is described on this level and has been discussed in |20| with the help of the functional 
Schrodinger equation. 

The next order in this expansion scheme then yields correction terms to (2) since it takes 
into account the interaction of quantum gravitational fluctuations with the non-gravitational 
fields. The corrected Schrodinger equation (the "first post-Schrodinger approximation") was 
derived in Il7| and reads 



V'. (3) 



It was shown in [l^ that the correction terms are independent of the factor ordering ambiguity 
inherent in (1). The first correction term in (3) is hermitean and leads to a shift in energy 
eigenvalues. The second term is non-hermitean and thus leads to a quantum-gravitationally 
induced non-unitarity in the evolution of the wave functional ip. The presence of such a term is 
not surprising. It arises simply because we have written down an effective equation for part of 
the system only and neglected degrees of freedom of the quantized gravitational field. Similar 
terms can be found in QED if one attempts a description of the matter fields without taking into 



account the degrees of freedom of the quantized electromagnetic field |21 . The occurrence of 
the non-unitary term can also be understood from the fact that the Wheeler-DeWitt equation 
(1) leads to a Klein-Gordon type of conservation law. Expanding this conservation law in 
powers of G leads to the conservation of the Schrodinger inner product at order G°, which is 
then violated at order G. This violation is reflected by the occurrence of the non-unitary term 
in (3). 

The corrected Schrodinger equation (3) is only one equation, in spite of the infinitely many 
Wheeler-DeWitt equations (1) (one at each space point). This happens since one has already 
chosen a specific slicing of one of the spacetimes described by 5*0 at the level of (2). The 
correction terms in (3) express the influence of the "quantum fluctuations of spacetime" as an 
effective contribution to the Schrodinger equation on a given spacetime. 

Although the conclusions of Ref. 10 about the disturbing implications of a more general 
than Hamiltonian time evolution do not directly apply to the present investigation, it would 
not be astonishing to find similar phenomena. It is well known that in a semiclassical theory 
one must expect precisely such kinds of inconsistencies |^ . 

The correction terms in (3) are formally undefined (since they involve delta functions at 
coinciding space points) and have to be regularized before definite physical predictions can be 
extracted. Although it is not yet clear how to perform such a regularization consistently, we 
argue that qualitative predictions for the evaporation of black holes can be obtained from (3) . 
Since the background spacetime in this case is Ricci-flat, the Ricci scalar in (3) vanishes for the 
considered foliation. The derivation in however, was performed for the case of compact 
three-geometries. Since we deal here with an asymptotically flat spacetime, we must take into 
account the boundary terms in the (integrated) Wheeler-DeWitt equation. In the present case 
this is just the ADM energy Mc^, where M is the mass of the black hole. A brief inspection 
of (1) thus shows that one must replace the expression \/hR in (3) by —IGttGM/c^, since now 
the ADM energy is an additional potential term in (1). This is already clear from dimensional 
arguments, since y/hR has the dimension of a length, and the only length scale in our example 
is given by the Schwarzschild radius of the black hole. One should not be disturbed by the fact 
that this replacement brings another factor of G into play. The approximation scheme discussed 
in fl^ is valid as long as the correction terms in (3) are small compared to the dominant term, 
even if the expansion is performed with some suitable small parameter different from G. 

We now estimate the order of magnitude of the correction terms for the case of the evap- 
orating black hole. The ratio of the first, hermitean, correction term to the dominant term. 
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which is Hm, is basicahy given by the ratio of the energy of the field to Mc^, which should be 
small even if M approaches the Planck regime. The only relevant contribution, which we will 
denote by Ai?™, comes from the second term in (3), which contains the time derivative of the 
mass of the black hole: 

We have neglected here the time derivative of 7i„i, since the change of the background geometry 
is the dominant contribution in the process of black hole evaporation. To evaluate this further, 
one needs the time dependence of the mass of the black hole. We take a simple model evolution 
law which can be obtained by phenomenological arguments (see, e.g., [p3|): 

1 /3 

M{t) = (Af3 _ . (5) 

Mo is the initial mass of the black hole, and a denotes a numerical factor which depends on the 
details of the model and whose exact value is irrelevant for the present qualitative discussion. 
By using (5) we of course implicitly assume that the black hole does not settle to a mass which 
is much bigger than the Planck mass. The non-unitary contribution (4) becomes relevant, if it 
is of the same order of magnitude as the dominant term in (3), which is the Hamiltonian Tim 
of the non-gravitational field, i.e. if 

fi dM fmpi 



4M2c2 dt \ M 

The non-unitary terms thus become important if the mass of the evaporating black hole ap- 
proaches the Planck mass. This happens after a time « {Mq/uipi)^ tpi. After the mass 
of the black hole has entered the Planck regime, the semiclassical expansion breaks down and 
the full (as yet unknown) quantum theory of gravity comes into play. Depending on the de- 
tailed scenario, however, the correction term (4) may be a very good approximation. This may 
happen if the black hole settles to a remnant which is of the order of the Planck mass but 
such that the numerical value of (4) is still small compared to Tim- It may also happen that 
the final evaporation time is of the order of Mq ||] which would mean that (4) is an excellent 
approximation for a long period of time. 

What is the relevance of this violation of unitarity for the information loss paradox discussed 
above? For this purpose let us investigate the implications of a non-hermitean Hamiltonian Hm 
for the time evolution of a system. The density matrix p = X^nf^"!'^") ('^"1 ob^ys the evolution 
equation 

p=-iiH„,p-pHl). (7) 

The quantity Trp^ — (Trp)^ is a measure for the deviation of p from a pure state. In the presence 
of a nonunitary evolution, it will in general not remain constant in time: 

^ (Trp2 _ (Trp)2) = 4Tr {{p^ - pTi-p)lmH„,) . (8) 

This feature is not present in ordinary quantum mechanics: Eq. (8) shows that for Hm = 
the deviation from a pure state remains always constant in time. One also recognizes from (8) 
that this mechanism does not operate if the initial state is precisely pure with Trp = 1 and 
p2 = p. Accordingly, a pure initial state remains pure as long as our approximation scheme is 
valid. The non-unitarity of (7) arises since, although all wave functions (/>„ in the decomposition 
of the density matrix obey a deterministic equation (the "corrected Schrodinger equation" (3)), 
the relative norms of these wave functions can change. This explains why the right-hand side 
of (8) is zero for pure states. 
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It is now important to note that in the present case liaHm < 0. This can be recognized 
from (4) by taking into account that the mass of the black hole decreases, i.e. that M < 0. As 
a consequence, a mixed matter state will become more pure if the correction term comes into 
play. One might think of this as a partial "recovery of information" from the black hole and, 
therefore, as a hint that full quantum gravity may preserve unitarity. 

To conclude, we have discussed the first-order quantum gravitational corrections to the 
functional Schrodinger equation for matter fields in a curved background. Because the quantum 
fiuctuations of the gravitational field were neglected in the approximation scheme, an effective 
non-hermitean Hamiltonian was found. For the case of black hole evaporation it was found that 
the non-unitary correction terms become comparable to the unperturbed Hamiltonian in the 
final stages of evaporation when the black hole mass reaches the Planck mass. Their tendency 
is to reduce the degree of mixture for a non-gravitational state. 

Finally, we want to emphasize that the unitarity-violating terms do not occur at a funda- 
mental level. They arose only because the quantum fluctuations of the gravitational field were 
neglected in the expansion of the Wheeler-DeWitt equation. In a genuine quantum gravita- 
tional treatment of the black hole evaporation problem, unitarity may well be preserved. As 
we mentioned above, the sign of the correction term indicates that this might be the case. It 
is, however, still an open problem p^ . 
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